Applying a multigrid solver to the transient Reynolds equation, this paper investigates the influence of two-sided waviness on pressure and film thickness in a medium loaded EHL line contact. The contact properties are studied for one set of operating conditions varying the ratio of the surface velocities, as well as the amplitude and wavelength of the waviness. The characteristic quantities used to describe the transient problem are straightforward extensions of the ones describing the stationary problem such as Hmin, Ha,, and P, , , .
Introduction
The research in the field of numerical Elasto Hydrodynamic Lubrication (EHL) is gradually moving away from the 'classical' idealized smooth surface problem and facing the complex reality in which engineering surfaces are non-smooth on the scale of thickness of the lubricating oil film. Presently we are puzzled by a problem that must have sounded familiar to a tribologist in the early decades of this century: How to understand, utilize and optimize the separating oil film in highly loaded contacts. Whereas the previous problem focussed on the so-called macro contact, the current one deals with the micro contact, the influence of surface roughness. The goal is to predict and optimize the operation of highly loaded contacts working with film thicknesses smaller than the undeformed surface roughness amplitude.
A number of investigations have addressed the steady state roughness problem [5, 6, 7, 9, 10, 121 and [13] , however in general the roughness moves through the contact, thereby creating a transient problem. The time dependent problem was addressed in [ l , 2, 3, 14, 171. In [ l l ] the transient analysis was used to explain an experimentally observed sensitivity t o the overrolling direction of the location of the failure site with respect to the original indentation. I n [ 191 a transient analysis of the influence of one-sided waviness on the film thickness was described. Several unexpected features were found, related to the velocity a t which pressure and film thickness perturbations travel through the contact zone. It was shown that the pressure perturbations travel with the speed of the wavy surface (212 in that case), whereas the film thickness disturbances move with the average surface speed (u1 + u 2 ) / 2 . These predicted features have recently been observed experimentally [8] . As was shown in the theoretical paper [19] the solution of the general non-smooth surface contact problem requires a transient solution of the EHL equations. In that paper as well as in the present one the authors have selected Multigrid solvers, since they meet the two requirements necessary to tackle this particular problem; they are fast and robust. Furthermore, and perhaps the most important argument is, that these techniques can straightforwardly be extended to more complete (and thus more complex) models of reality as for instance the point contact problem. This extension of the algorithm to point contact problems causes the computational complexity t o increase only moderately. As a consequence the increase in computing time is not a large obstacle in view of the present increase in computer capacity. The main reasoii for addressing the line contact problem in this work is not so much the gain in computing time as the additional simplicity of the line contact problem when compared 206 with the full non-smooth point contact problem.
In this paper the waviness extends to both surfaces, which introduces two additional degrees of freedom to the problem compared to the case studied in [ 1 9 ] . The complete problem is described by the contact condition parameters (MI L or W , U , G), the ratio of the surface velocities and for sinusoidal waviness the dimensionless amplitude and wavelength of both surfaces, and the initial phase difference. To reduce the number of parameters to some extent, the waviness wavelength on the upper and lower surface is assumed identical. By calculating either average values or extreme values over time, i.e. averageslextremes over all phase differences, the initial phase difference of the waviness becomes irrelevant. 
1.1
dimensionless materials parameter, G = cr E' film thickness average film thickness, For completeness this section first presents the equations to be solved. Subsequently, the physical parameters describing the contact conditions are given in Table 1 , together with different sets of dimensionless parameters. Table 2 lists the numerical parameters used in the calculations. The theory behind the Multigrid solvers is not repeated here and can be found in for instance [12, 16, 181, and in the references of these works.
Equations
The one-dimensional transient Reynolds equation is written in a dimensionless form:
The boundary conditions are P ( X , , T ) = P ( X b , T ) = 0 , V T where X, and Xb denote the boundaries of the domain. Furthermore, the cavitation condition P ( X , T ) 2 0, V X , T must be satisfied throughout the domain. c and A are defined according to:
The density p is assumed to depend on the pressure according to the Dowson and Higginson relation [4] and the Roelands viscosity pressure relation [15] is used. T h e film thickness equation is made dimensionless using the same parameters and accounting for a moving surface feature reads:
where 7 2 1 ( X , T ) denotes the undeformed geometry of the waviness on the lower body a t dimen- 
Conditions
The parameters used to describe the contact conditions in the calculations are given in Table 1 , to-208 gether with some dimensionless parameters. The numerical parameters used in the calculation are given in Table 2 . These contact conditions are identical to the ones used in [19] . In that paper characteristics of the Reynolds equation are extensively described, especially the dominance of the shear flow over the pressure flow in the contact region. As a consequence the pressure perturbations become detached from the film thickness variations. For an extensive theoretical and numerical description of this effect the reader is referred to [19].
I Parameter I Value 0.005 2.841 10-1409 
Time dependence

Numerical accuracy
In order to obtain a reasonable numerical accuracy for the extreme values like HGi, a fine mesh had to be combined with a small time increment.
The reader is reminded that HGin is the minimum value over time of the minimum film thickness H,,,,,. The numerical accuracy in this quantity is better than 10% over the entire parameter range presented. The average film thicknesses Ha,, and Hi,, converge much more rapidly. Generally, the numerical error in these quantities is less than 2%. In order to eliminate the start-up effects and to obtain results from a fully periodic solution, the number of time steps was chosen inversely proportional to the velocity of the slow- For locations X > 0 this time difference is even greater. . . . . . . . . , . . . . . . . . . , . . . . . . . . . , . . . . . . . . . , . . A second way of visualizing the data is shown in figures 2a-e which displays the pressure and film thickness profiles for a certain timestep (T = 6.88,6.94,7.00,7.06,7.13) as a function of X. From these figures it is clear that the maximum pressure fluctuations coincide with the minimum film thickness variations, and vice versa. Because the lower body velocity is three times larger than the upper body velocity the lower body waviness has to "jump over" the upper body waviness, thereby causing a major flattening of the waviness and therefore requiring the large pressure fluctuations ( figure 2c) . The pressure fluctuations are minimal when the waviness of both surfaces is in phase (figure 2a and 2e) . Clearly, this type of data is better presented as a movie.
The third way of presenting the pressure and film thickness variations is by considering thern as a function of time for a certain location on the bodies. This description is important when one is interested in the stresses and stress cycles a certain volume element inside the material experiences. Figure 3a displays film thickness and pressure on a waviness top located on the upper (slow) surface, figure 3b does the same for a waviness top on the lower (fast) surface. Note that the time spent in the contact zone for the upper (slow) surface is three times as large as for the lower (fast) surface. From these figures it can be observed that the minimum film thickness decreases with amplitude below the smooth surface value. The average film thickness increases with increasing amplitude over the smooth surface value. From these two figures i t can also be concluded that the influence of the surface velocity difference on the minimum and average film thickness is small. Also the maximum pressure was found to be insensitive to the velocity difference. From figure 5a it can be observed that the minimum film thickness decreases with increasing amplitude A2 and with increasing values of u2/u, as was found in the previous section. For large values of u2/u, and A2 it increases slightly again, in order to become symmetric for the case of A2 = 0.25. From figure 5b it can be observed that the average film thickness increases with increasing amplitude A2 and decreases with increasing values of U~/ U , . For large values of u~/ u , and A2 it increases slightly again, becoming symmetric around uz/u, = 0.5 for the case that A1 = A2 = 0.25. The maximum pressure PA,,, was found to be virtually independent of the value of u~/ u , , as was observed in the previous section.
In figure 6 the wavelength was doubled compared to figure 5. T h e influence of this doubling on the minimum film thickness is small, compare figures 5a and 6a. The maximum pressure is halved for a given amplitude, as is predicted by the dry contact theory. The increase of the average film thickness over its smooth value and its dependency on u~/ u , and A2 are considerably reduced as can be observed by comparing the figures 5b and 6b. Roughly speaking, the increase in average film thickness is halved by doubling the wavelength of the waviness.
Influence of amplitude
This section analyses in detail the influence of the amplitude on the maximum pressure, the minimum and the average film thickness as observed in the previous section. From a dry contact analysis the maximum pressure can be expected to increase linearly with the waviness amplitude, a 0.6r . . . . trend that is observed from figure 7a and is analysed in detail in [7] . The minimum film thickness decreases roughly linear with the amplitude, a trend that is easily accepted. However, the average film thickness as well as the inverse film thickness seem to increase quadratically with the amplitude. This can be more clearly observed from figure 7b, which displays a detail of figure 7a. This trend, which was also observed in [19] , needs further explanation.
The classical explanation of the smooth average film thickness and the nearly parallel film thickness in the contact area assumes that the pressure in the inlet reaches a certain value where the oil viscosity becomes so large that pressureinduced flow is nearly absent. From this (zeropressure-flow) point onwards, all oil is transported through the contact.
This explanation can be extended to wavy contacts. Consider a point in the inlet where the pressure is such that the viscosity becomes sufficiently high to eliminate virtually all pressure induced flow. Now assume that in the neighbourhood of this point the pressure fluctuations depend linearly on the waviness amplitude, as happens in the contact region (see figure 7a ). The location of this zero pressure-flow point then moves outwards in a first approximation proportionally with the height of the pressure fluctuations which are themselves proportional to the waviness amplitude. The gap height at this point increases roughly proportional with the square of this distance, since the cylinder can be accurately approximated by a parabola as the influence of deformation can be neglected. As a result the gap height at this point, and therefore the amount of oil transported through the contact, and thus the average film thickness in the contact area will increase with the square of the waviness amplitude. Figure 8 shows the relative increase of the maximum pressure in the inlet at various locations as a function of the amplitude. From this figure it can be concluded that the pressure increase in the inlet is indeed proportional to the waviness amplitude, as is the case in the Hertzian contact zone. Concluding this section it can be stated that the average film thickness increases quadratically with the waviness amplitude because the location of the zero-pressure-flow point moves lin-early towards the inlet as a function of the waviness amplitude.
Discussion and conclusion
In this paper the influence of two-sided waviness on pressure and film thickness was investigated. The influence of the non-Newtonian fluid behaviour as well as thermal effects has been omitted. The authors are aware of the importance of these effects especially a t large velocity differences. However, in order to be able to correctly interpret the results it was considered beneficial to study one effect a t a time.
-The observed dependence of Pzax, H i j n and Ha,, on d1, AS, WL, W2 and u2/u, can be summarized as folows. The parameters with the additional subscript "s" refer to the parameter values for the smooth solution. 0 The maximum pressure attained in the oil film is close to the dry contact pressure, is virtually independent of the ratio of the surface velocities and increases linearly with the ratio of amplitude and wavelength:
The minimum film thickness H i i n attained in the oil film decreases linearly with increasing waviness amplitude and is independent of the wavelength W . As a first approximation: 0 The average film thickness Ha,, attained in the oil film increases quadratically with ratio of amplitude and wavelength for small amplitudes. As a first approximation: 
